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Abstract 

In this paper we use Nachbin's holomorphy types to generalize some recent 
results concerning hypercyclic convolution operators on Frechet spaces of entire 
functions of bounded type of infinitely many complex variables. 

1 Introduction 

A mapping /: X — > X, where X is a topological space, is hypercyclic if the set 
{x, /(x), P{x), . . .} is dense in X for some x G A. In this case, x is said to be a hy- 
percyclic vector for f. 

The study of hypercyclic translation and differentiation operators on spaces of entire 
functions of one complex variable can be traced back to Birkhoff [3] and MacLane [19]. 
Godefroy and Shapiro [2] pushed these results quite further by proving that every con- 
volution operator on spaces of entire functions of several complex variables which is not 
a scalar multiple of the identity is hypercyclic. Results on the hypercyclicity of convolu- 
tion operators on spaces of entire functions of infinitely many complex variables appeared 
later (see, e.g., [H [T71 [261 121] )• Recently, Carando, Dimant and Muro [6] proved some 
far-reaching results - including a solution to a problem posed in [2] - that encompass as 
particular cases several of the above mentioned results. The main tool they use are the 
so-called coherent sequences of homogeneous polynomials, introduced by themselves in [7] 
based on properties of polynomials ideals previously studied in [U |5] . 

The aim of this paper is to generalize the results of [6]. We accomplish this task by 
proving results (Theorems 12.61 and 12. 7p of which the main results of [B] (|S1 Theorem 4.3] 
and [SI Corollary 4.4]) are particular cases. Furthermore we give some concrete examples 
(Example 13. lip that are covered by our results but not by the results of [6]. Being strictly 
more general than the results of [6], our results also generalize the ones first generalized 

by [g. 

Our approach differs from the approach of [6] in our use of holomorphy types (in 
the sense of Nachbin [2S]) instead of coherent sequences of polynomials. More precisely, 
we use the 7ri-7r2-holomorphy types introduced by the third and fourth authors in [TT] . 
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Although we aheady knew that 7ri-7r2-holomorphy types could be used in this context, it 
was only reading [B] that we realized that the original definitions could be refined (see 
Definition 12 ■4p to prove such general results on the hypercyclicity of convolution operators 
on spaces of entire functions. Holomorphy types are a somewhat old-fashioned topic in 
infinite-dimensional analysis, so it is quite surprising that our holomorphy type-oriented- 
approach turned out to be more effective than the coherent sequence-oriented-approach. 

The paper is organized as follows: in Section 2 we state our main results, in Section 3 
we prove that our results are more general - not only formally but also concretely - than 
the results of [Hj, and in Section 4 we prove our main results. In Section 5 we extend 
to our context some related results that appeared in the literature, including results on 
surjective hypercyclic convolution operators and connections with the existence of dense 
subspaces formed by hypercyclic functions for convolution operators. 

Throughout the paper N denotes the set of positive integers and No denotes the set NU 
{0}. The letters E and F will always denote complex Banach spaces and E' represents the 
topological dual of E. The Banach space of all continuous m-homogeneous polynomials 
from E into F endowed with its usual sup norm is denoted by V{"^E; F). The subspace 
of V{"^E;F) of all polynomials of finite type is represented by Vf{"^E; F). The linear 
space of all entire mappings from E into F is denoted by 7/(-E; F). When F = C we write 
P/("F) and n{E) instead of P('"E;C), C) and H{E]C), respectively. 

For the general theory of homogeneous polynomials and holomorphic functions we refer 
to Dineen [9] and Mujica [23]. 



2 Main results 

In this section we state the main results of the paper and give the definitions needed to 
understand them. 

Definition 2.1. (Nachbin [25]) A holomorphy type G from to F is a sequence of Banach 
spaces (Vei^E; F))J^^q, the norm on each of them being denoted by || ■ He, such that the 
following conditions hold true: 

(1) Each Vei'^E; F) is a linear subspace of P("^F; F). 

(2) Ve{^E; F) coincides with V{^E\ F) = F as a normed vector space. 

(3) There is a real number a > 1 for which the following is true: given any k G Nq, m G Nq, 
A; < m, a G F and P G Pe("^; F), we have 

d^P{a) G Vei^E-F) and 



(fPia) 



< aV\\p,\\a 



I m—k 



e 



It is plain that each inclusion Ve{"^E; F) C V{"^E;F) is continuous and that ||P|| < 
a™||P||e for every P G Vei"'E; F). 

Definition 2.2. (Gupta [13 HB]) Let (Pe(™^; ^))m=o be a holomorphy type from F to 
F. A given / G 'H(F; F) is said to be of Q -holomorphy type of hounded type if 
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(1) ^d^'fiO) e P©r^; F) for all m e No, 

(2) lim ('i^||ci-/(0)||eV =0. 

The linear subspace of "HiE; F) of all functions / of 0-holomorpliy type of bounded type 
is denoted by ^{^^{E; F). 

Remark 2.3. (a) The inequality || ■ || < cr"^\\ -He implies that each entire mapping / of 
G-holomorphy type of bounded type is an entire mapping of bounded type in the sense 
of Gupta in [16], that is, / is bounded on bounded subsets of E. 
(b) It is clear that VeC^E; F) C neb{E; F) for each m e Nq. 

For each p > 0, condition (2) of Definition 12.21 guarantees that the correspondence 
/ e -HebiE- F) ^ ||/||e,p = ^||rf'"/(0)||e < oo 

m=0 

is a well defined seminorm on 'HebiE; F). We shall henceforth consider T-LebiE; F) en- 
dowed with the locally convex topology generated by the seminorms || • \\e,p, p > 0. This 
topology shall be denoted by tq. It is well known that (T-Lsb^E; F), r©) is a Frechet space 
(see, e.g, [HI Proposition 2.3]). 

Next definitions are refinements of the concepts of TTi-holomorphy type and 7r2-holomorphy 
type introduced in [TT] . 

Definition 2.4. (a) A holomorphy type {VeC^E; F))'^^q from to F is said to be a 
7ii-holomorphy type if the following conditions hold: 

(al) Polynomials of finite type belong to (Ve{"^E; F))'^^^ and there exists K > such 
that 

■ b\\e < K^^mr ■ \\b\\ 

for all (j) e E', b e F and m G N; 

(a2) For each m e No, P/(™F; F) is dense in {Ve{"'E; F),\\- ||e). 

(b) A holomorphy type (PeC"-E'))m=o from to C is said to be a 'K2-holomorphy type if 
for each T G \Heb{Ey\ , m. G No and k G No, k < m, the following conditions hold: 

(bl) If P G Vq{^E) and A: E"^ — y C is the unique continuous symmetric m-linear 
mapping such that P = A, then the (m — /c)-homogeneous polynomial 

T (a{^^^ : E — ^ C 

y ^ T {A{-)%^~') 

belongs to Vei"'~''E); 
(b2) For constants C, p > such that 

|T(/)| <C||/||e,, for every /G?/e6(i?), 

which exist because T G [HQb{E)]', there is a constant K > such that 

||T(A(T^OIIe < C ■ A'Vll^lle for every P G VerE). 
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Definition 2.5. Let B be a holomorphy type from E to C 

(a) For a E E and / G 'HQh{E), tlie translation of f by a is defined by 

tJ:E-^C, {rj){x) = f{x-a). 
By [m Proposition 2.2] we fiave Taf G 'Hefe(-E'). 

(b) A continuous linear operator L: TiebiE) — > HebiE) is called a convolution operator 
on T-Lsb{E) if it is translation invariant, that is, 

L{tJ) = rMf)) 

for all a G -E and / G "Hefc (-£')• 

(c) For each functional T G ['He6(-E)]', the operator Te{T) is defined by 

re(T) : -Hefeli^;) ^ -HsbiE) , re(T)(/) = T * /, 
where the convolution product T * / is defined by 

(T * /) (x) = T (r^xf) for every x E E. 

(d) (5o G ['Hef)(-E')]' is the linear functional defined by 

5,:Heb{E)^<C, (5o(/) = /(0). 
The main results of this paper read as follows: 

Theorem 2.6. Let E' be separable and (PeC"-£'))m=o ^ iTi-holomorphy type from E 
to C. Then every convolution operator on TiebiE) which is not a scalar multiple of the 
identity is hypercyclic. 

Theorem 2.7. Let E' be separable, {Vq(^E))'^^q be a Tii-'K2-holomorphy type and T G 
\HQb{Ey\' be a linear functional which is not a scalar multiple of 5q. Then Tqi{T) is a 
convolution operator that is not a scalar multiple of the identity, hence hypercyclic. 

3 Comparison with known results 

Before proceeding to the proofs we shall establish that Theorems 12.61 and 12.71 are strictly 
more general than pi Theorem 4.3] and P, Corollary 4.4], respectively. First of all we 
have to give the definitions needed to understand these results from [6]. 

Definition 3.1. For P G V{^E), a E E and r G N, P^r denotes the {k — r)-homogeneous 
polynomial on E defined by 

Par{x) = A{ a, . ,a ,x, ...,x), 

r times 

where, as before, A stands for the continuous symmetric /c-linear form such that P{x) = 
A{x, . . . ,x) for every x E E. 
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Definition 3.2. (Carando, Dimant, Muro |71 E]) For each k e No, ^k{E) and ^kiE) 
are linear subspaces of V{^E) containing tlie polynomials of finite type which are Banach 
spaces with norms || ■ \\^^{e) and || ■ ||«Sfe(£;)5 respectively. and 5Sfc(-E') are also asked 

to be continuously contained in Vi^E). 

A sequence 21 (-E) = {21^ is said to be a coherent sequence of homogeneous 

polynomials if there exist positive constants C and D such that the following conditions 
hold for all k: 

(a) For each P G [E) and a e E, Pa e^k [E) and 

||^a||2tfc(£;) < C||P||a^_^^(£;)||a||. 

(b) For each P G 2tfc [E) and eE',-fP e Qlk+i (E) and 

As usual, for /c = 0, 2to (E) is the 1-dimensional space of constant functions on E, that is 
2lo (E) = C. 

The coherent sequence 21 (P) = {21^ {E)}^, is said to be multiplicative if there exists 
M > such that PQ e 2lfc+; (P) and 

llpgiha.^,(i^)<^''"'il^llm.(i?)iiQik,(i?), 

whenever P G 2lfc (E) and Q G 21; (E). 

Remark 3.3. Note that the case k = implies that the constant C of condition 13.2( a) is 
greater than or equal to 1. From [5l Theorem 3.2] it follows that every coherent sequence 
{2lfc (£')}^gj^^is a holomorphy type with constant a = C. So, 

ll^ll<C'll^lk.(i.) 

for all P e 2lfc (E) and A; G Nq. 

Let 21 (i?) = {2ljfc (P)}^ be a coherent sequence of homogeneous polynomials on E. 
Since 21 (P) is a holomorphy type by Remark [231 we can consider the space 'H^{E)h{.E) of 
holomorphic functions of 21 (P)-holomorphy type of bounded type according to Definition 
12. 2[ Following the notation of [6] we shall henceforth represent this space by the symbol 
T-Lb^iE). So 1-imi.E) becomes a Frechet space with the topology generated by the family 
of seminorms {Pp}p>o' where 

oo k 
k=0 

for / G UmiE). 

Next we define the polynomial Borel transform in the context of coherent sequences: 
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Definition 3.4. Let 21 (E) = {21^ (-E")}^ be a coherent sequence. For each k the polynomial 
Borel transform is defined by 

B, : 2tfe (E)' ^ P (^'E') , Bk {^) (7) = (7') • 

From now on, the expression 2lfc (E) = QSfc {E') will always mean that the polynomial 
Borel transform 5^: 2lfc (E) — > 53^ {E') is an isometric isomorphism. 

The main hypercyclicity results of [HI are the following: 

Theorem 3.5. P, Theorem 4.3] Suppose that E' is separable. Let {03fc(-E")}fc be a co- 
herent sequence and {^k{E)}k be such that = ^k{E') for every k. Then, every 
convolution operator on 'Hi,%{E) which is not a scalar multiple of the identity is hyper- 
cyclic. 

Corollary 3.6. [SI Corollary 4.4] Suppose that E' is separable. Let be a 

coherent multiplicative sequence and {^k{,E)}k be such that = 5Bfc(-E') for every 

k. For every ip G [HmiE)]' which is not a scalar multiple of 60, the operator 

T^: nm{E) ^ Um{E) , T^(/) = <^ * /, 

is hypercyclic. 

The next result proves that Theorem 13.51 is a particular case of Theorem 12.61 



Proposition 3.7. Let {'tSk{E')}k be a coherent sequence and {Qlk{E)}k be such that 
QikiE)' = ^k{E') for all k. Then {Qlk{E)}k is a Tii-holomorphy type from E to C. 

Proof. By P, Proposition 2.5] we know that {^k{E)}k is a coherent sequence, hence it is 
a holomorphy type by Remark 13.31 As to condition I2.4( a2). [6l Lemma 2.1] shows that 



p^(fcE) = 2lfc(E) for every k. 

So all that is left to check is the inequality in condition (al) of Definition 12.41 By as- 
sumption we know that ||T||2ij.(£;)/ = \\Bk{T)\\<Q^(^E') for every T e 2lfc(-E')'. Let C be the 
constant of condition 13.2( a) for the coherent sequence {^k{E')}k- By the inequality in 
Remark 13. 3[ 

\\Bk{T)\\<C%Bk{T)U,^E'). 
for all T G and A; G Nq. Thus, 



h^\W,^E) = sup _ |r(0'=)| = sup _ \Bk{T)m 

ll^llafe(B)'-l l|T|lafc(B)'-l 
<Ut- sup \\Bk{T)\\ 



<||0f-C"=- sup \\Bk{T)\\^^^E') 

\\T\W^(Ey-^ 

= 11011'= -C^- sup _ \\T\W^^Ey = C^ 
for all G and A: G Nq. □ 
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To continue we need the following result: 

Proposition 3.8. [6l Lemma 3.3] Let {Q3fc {E')}j, be a coherent multiplicative sequence 
and {QlkiE)}k be such that 21^ (E)' = <Bfc {E') for every k. Let k > I, P e Qlk (E) and 
ip G (E)' be given. Then the l-homogeneous polynomial x E E ip {P^i) G C belongs 
to % (E) and 

Proposition 3.9. Let {03^ {E')}f, be a coherent multiplicative sequence and {^k{E)}k be 
such that 2tfc(-E')' = 5Bfc(-E") for every k. Then 21 {E) = {21^ (-E)}^ is a Ti2-holomorphy type 
from E to C 

Proof. Again by [SI Proposition 2.5] we get that {^k{E)}k is a coherent sequence, so the 
space 'Hba(-E) is well defined. Let T G [Hb<2i{E)]' and m,k eNq with k < m he given. 
Note that 

r(I(T^) = (xh^r(p,™_.)) 

for every P G 21^ (E) , where A is the m-linear symmetric mappings on E"^ such that 
P = A. Therefore from Proposition 13.81 it follows that T ^y4(-)^j belongs to 2lm-A: (E) 
and 

\\T{Ai?)\W^-,iE) = \\X ^T{P^m-.) < ■ \\TW^^E)K(E)' ■ \\P\W,AE)^ 

where T|2i^(£;) obviously means the restriction of T to 21^ {E). Since 
are C > and p > such that 

\TU)\<C-p,{f) 
for every / G l-Lij^{E). In particular, 

\Tm<C-Pp{Q)=C-p''-\\Q\W^^E) 

for every Q G 21^ (£'), so 
Therefore, 

\\T{A{y^)\W_,^E) < ■ \\Ty^,^E)K^E)' ■ mw^iE) <c-M"^.p'. Wpy^^E), 

which completes the proof. □ 

A combination of Proposition 13 . 71 with Proposition 13.91 makes clear that Corollary 13.61 
is a particular case of Theorem 12.71 

Corollary 3.10. Let {Q3fc(-E")}^ be a coherent multiplicative sequence and {2lfc(£')}fc be 
such that ^k{Ey = ^k{E') for every k. Then 21 (i?) = {21^ is a Tii-TT2-holomorphy 

type. 
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Now we prove that our results are more than formal generalizations of the known 
results, in the sense that there are concrete cases covered by our results and not covered 
by the results of [B]. Of course it is enough to give examples of {2tfe(-E')}fc such that: 

(i) {^k{E)}k is a 7ri-7r2-holomorphy type, 

(ii) = ^k{E') for every k, 

(iii) {QSfc (-E")}/c f^ils t)e a coherent sequence. 

Example 3.11. (a) Consider the space V(p^rn{s;q)) {"^E) of all absolutely {p,m {s; q))- 
summing m-homogeneous polynomials on E introduced by Matos [211 Section 3], where 
< q < s < +00 and p > q. In general ('P(p,m(s;g)) C"-^))mGNo ^'^^ ^ holomorphy 
type, hence fails to be a coherent sequence. For example, making s = q = p > 1, the 
space V[p^m{p;p)) {"^E) coincides with the space of absolutely p-summing m-homogeneous 
polynomials (see [2T1 p. 843]), which is not a holomorphy type by [H Example 3.2]. 

On the other hand, Matos proved in [221 Section 8.2] that if E' has the bounded approx- 
imation property, then the Borel transform {s-{rq)) establishes an isometric isomorphism 

between ('""-E) and P(s',m(r';q')) {'"''E'), where C^E) denotes the space 

of all (s; (r, g))-quasi- nuclear m-homogeneous polynomials on E (as usual s',r',q' denote 
the conjugates of s,r,q, respectively). So 

^iv,(s;(r,,)) rE)] ' = V^s'Mr';,')) ^ E') for every m. (1) 

The proof that {s-{rq)) i"^E) is a tti -holomorphy type can be found in [221 Sections 8.2 
and 8.3] and that it is a 7r2-holomorphy type in [221 Proposition 9.1.5]. 

(b) X. Mujica proved in [211 Teorema 2.5.1] that if E' has the bounded approxima- 
tion property, p > 1 and F is reflexive, then the Borel transform B(j{p) establishes an 
isometric isomorphism between ['Pcr(p) {^E; F)]' and 'Pr(p) {"^E'; F'), where Po-(p) {"^E; F) 
denotes the space of all cr(p)-nuclear m-homogeneous polynomials from E into F, and 
Vt{p) {"^E'] F') denotes the space of all r(p)-summing m-homogeneous polynomials from 
E' into F'. Making F = C we get 

rE)]' = Vrip) rE') for every m. 

Again, and for the same reason, {Vt{p) C"-E''))m-o ^ holomorphy type in general, 

consequently it fails to be a coherent sequence. Condition (al) of Definition 12.41 follows 
easily because 'Pa{p) is a polynomial ideal. Condition (a2) is proved in [211 Proposigao 
2.4.4], so Va(p) {"^E) is a vri-holomorphy type. The fact that 'Pcr(p) (™-E) is a 7r2-holomorphy 
type is proved in [211 Lema 3.2.6] with K = 1. 

4 Proofs of the main results 

The first step is the definition of the Borel transform. A holomorphy type from E to F 
shall be denoted by either 9 or (PeC"^; ^))m=o- 
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Definition 4.1. (a) Let be a TTi-holomorphy type from E to F. It is clear tliat tlie 
Borel transform 

Be: [VerE;F)]' ^VrE';F') , SeT(0)(y) = T(0™y), 

for T G [PeC^^E] F)]' , (p E E' and y E F, is well defined and linear. Moreover, Bq is 
continuous and injective by conditions (al) and (a2) of Definition 12.41 So, denoting the 
range of Be in F') by Ve'i'^E'; F'), the correspondence 

BeT E Ve'rE'-F') ^ ||i3eT||e' := ||T||, 

defines a norm on Ve' {"^ E' ; F') . In this fashion the spaces (^[PeC^E; F)]' , || ■ ||) and 
(Vqi (J^ E' ; F') , II ■ lie/) are isometrically isomorphic. 

(b) Let (Pe ))m=o be a vri-holomorphy type from E to C A holomorphic function 

/ E T-ii^E') is said to be of Q' -exponential type if 

(bl) ci™/(0) E Ve'^E') for every m G Nq; 

(b2) There are constants C > and c > such that 

||fi™/(0)||e'<Cc'", 

for all m eNq. 

The vector space of all such functions is denoted by Exp@/(£"). 

The change we made in the definition of TTi-holomorphy types does not affect the 
validity of [TTl Corollary 2.1]. So if is a vri-holomorphy type from E to C, then all 
nuclear entire functions of bounded type belong to 'Heb{E). In particular, the functions 
of the form e'^, for E E', belong to l-LebiE). The proof of [HI Theorem 2.1] is not 
affected either: 

Proposition 4.2. Theorem 2.1] If Q is a iri-holomorphy type from E to C, then the 
Borel transform 

B: [HebiE)]' ^ Expe,(i?') , ST(0) = T(e<^), 
for all T E [HsblE)]' and cf) E E', is an algebraic isomorphism. 

Proposition 4.3. Let Q be a TTi-holomorphy type from E to C and U be a non-empty 
open subset of E' . Then the set 

S = span{e'^ : (j) E U} 

is dense in T-LebiE). 

Proof. Assume that S is not dense in TiebiE). In this case, the geometric Hahn-Banach 
Theorem gives a nonzero functional T E [Heb{E) , tq]' that vanishes on S. In particular 
T(e<^) = for each G f/. So BT{(f)) = T(e'^) = for every (f) E U. Thus BT is a 
holomorphic function that vanishes on the open non-void set U. It follows that BT = 
on E'. Since B is injective by Proposition 14. 2[ T = 0. This contradiction proves that S is 
dense in "Hefe (-£")• CH 
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Let G be a holomorphy type from E to C. The linear space of all convolution operators 
on 'Hefe(-E) is denoted by 0(7iQh{E)). We define the map Fe by 

Te: Oi-HsbiE)) ^ [HebiE)]' 

L^Te{L):nm{E) ^ K 

/ ^ re(L)(/):=(L(/))(0). 

Remember the definition of 5o fo s^e that r0(L) = 5q o L. It is clear that Fe is a well 
defined linear map. 

Lemma 4.4. Let Q he a ni-holomorphy type from E to C and L G 0{'Hqi,{E)) he given. 
Then: 

(a) L(e<^) = i3(re(L))(0) ■ e"^ for every G E' . 

(b) L is a scalar multiple of the identity if and only if B{T q{L)) is constant. 
Proof, (a) Since Tq{L) G \Heb{Ey\' ., from Theorem 14.21 we know that 

fi(re(L))(0)=re(L)(e<^) = L(e^)(O) 
for each cj) E E' . Therefore 

L{e'^){y) = [r^y{L{e'^))m 
= [L (r_,(e<^))](0) 
= [L (e<^(^) ■e*)](0) 
= e<^(^) ■L(e^)(0) 

for all y E E. 

(b) Let A G C be such that -6(1© (L) )(</>) = A for every G By (a) it follows that 

L{e^) = B{Te{L)){4>) ■ e'^ = Xe'^ 

for every (p G -E'. The continuity of L and the denseness of {e*^ : G £"} in TiebiE) 
(Proposition iJl) yield that L{f) = Xf for every / G TiebiE). 

Conversely, let A G C be such that L{f) = Xf for every / G I-Lq^^E). Calling on (a) 
again we get 

Xe't' = L{e^) = B{Ve{L)m-e'^, 
hence B{T e{L)){(l)) = X for every (peE'. □ 

In the proof of our main result we shall use the following criterion, which was obtained, 
independently, by Kitai [18] and Gethner and Shapiro [13]: 



10 



Theorem 4.5. (Hypercyclicity Criterion) Let X be a separable Frechet space. A contin- 
uous linear operator T : X — y X is hypercyclic if there are dense subsets Z,Y (1 X and 
a map S : Y — y Y satisfying the following three conditions: 

(a) For each z ^ Z , T^'{z) — > when n — > oo; 

(b) For each y eY , S"{y) — > when n — > oo; 

(c) ToS = Iy. 

The last ingredient we need to give the proof of Theorem 12.61 is the next resuh. 
Proposition 4.6. Let (Pe )m=o ^ iri-holomorphy type from E to C. Then the set 

B = {e-^ : G E'} 
is a linearly independent subset of'HQi,{E). 

Proof. We have aheady remarked that {e"^ : (p G E'} C TisbiE) whenever is a tti- 
holomorphy type. Given a E E, from [HI Propostion 3.1(i)] we know that the differenti- 
ation operator 

: -HebiE) ^ KebiE) , (/) = df (■) (a) 

is well defined. Now one just has to follow the lines of the proof of [H Lemma 2.3] to get 
the result. □ 

Proof of Theorem 12.61 Let L: T-L^hlE) — y TiebiE) be a convolution operator which 
is not a scalar multiple of the identity. We shall show that L satisfies the Hypercyclicity 
Criterion of Theorem 14. 5[ First of all, since E' is separable and is a vri-holomorphy 
type, we have that TiebiE) is separable as well. We have already remarked that TiobiE) 
is a Frechet space. By A we mean the open unit disk in C. Consider the sets 

V = {<j>eE': \B{Te{L)){<p)\ < 1} = B{Te{L)r\A) 

and 

W = {<P E E' : \BiTeiL))i<P)\ > 1} = S(re(L))-i(C - A). 

Since L is not a scalar multiple of the identity. Lemma l^^ b) yields that B{rQ{L)) is non 
constant. Therefore, it follows from Liouville's Theorem that V and W are non-empty 
open subsets of E'. Consider now the following subspaces of HebiE): 

Hy = spanle"^ : (p E V} and Hw = spanle"^ : G W}. 

By Proposition 14.31 we know that both Hy and are dense in HQb^E). 
Let us deal with Hy first. Given (p eV, from Lemma [4.4( a) we have 

L(e^) = S(re(L))(0)-e<^Gi/y. 

So L{Hy) C Hy because L is linear. Applying Lemma [4.4( a) and the linearity of L once 
again we get 

L-(e<^) = [i3(re(L))(0)r-e'^ 
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for all n G N and (f) E V. Consequently, 

for all n G M and / G Hy. Since |i3(re(I/))(0)| < 1 whenever G y, it follows that 
L^if) — ^ when n — > oo for each / G Hy- 

Now we handle H^. For each G W, B(TQ{L)){(j)) ^ 0, so we can define 



S(re(L))(0) 



By Proposition 14. 6[ {e* : G VT} is a linearly independent set, so we can extend S to 
i^VK by hnearity. Therefore S{Hw) C ifyi/ and 



/ 



[^(re(^))(0)]" 



for all / G ffvK and n G N. Since |i3(re(/^))(0)| > 1 whenever (p e W, it follows that 
S"'{f) — > when n — )■ oo for each / G Hw- 

Finally, L o S{f) = f for every / G i/iy, so L is hypercyclic. □ 



Let us proceed to the proof of Theorem 12.71 The next result is needed. It is an 
adaptation of [HI Theorem 3.1] to the new definition of 7r2-holomorphy type. In this case 
it is worth giving the details. 

Proposition 4.7. // (Pe(™^))m=o « Ti2-holomorphy type from E to C, T e [HebiE)]' 
and f G HebiE), then T* f G TisbiE) and the mapping T* defines a convolution operator 
on T-ieb{E). 

Proof. Since T G \Heb{,Ey( , there are constants C > and p > such that 

|T(/)|<C||/||e,, 
for all / G rCebiE). By [m Proposition 3.1], 

(T * f){x) = Tir.J) = T ( ^d-^fix)] 

\m=0 ' J 

oo ^ oo ^ _____ _____ 

= T.^Y.ynd'''-fm-nx) 

m=0 k=0 

for every x E E. By Definition 12.4( b) there is a constant K such that 



(2) 



T I rf^+™/(0)(-)^' I G PeC"^) and 



T I d^+"^/(0)(- 



it+^f{Q) 



e 



e 
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for all k,m G Nq. For po > p we can write 

oo — — — __\ oo 

fc=o ■ \ / e k=o 



T ^^^■+"'7(o)(- 



oo 
fc=0 



< 



oo ^ 



k=0 



e 



e 



- (m + fc)! _ 
PcTf:^ m!A:! (m + A;)!^° 



e 



k=0 
oo 







m! 



k=m 



e,2Kpo 



< C—\\f\\e,2Kpo < oo. 
Po 



This means that 



belongs to V@(^^E) and 



Hence 



fc=o ■ \ / 



,m! 



I-Pm||e < C—\\J \\e,2Kpo- 



lim — ||Pm||e 

m— >-oo \ 777,! 



(3) 



for every po > P- This implies that 



lim 



m->-oo \ 777 



mile 



1 

< — 

Po 



0. 



m=0 



m. 



oo ^ 

Therefore, it follows from m that (T * /) = V — G HebiE). It is clear that T* is 

m! 

linear. For pi > 0, from we get 

CpT* m! 



< 



m=0 

oo 

E 

m=0 

oo 



E 

\m=0 



cpr 
(Pl + py 



0,2K(pi+p), 
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proving that T* is continuous. Now we have 



(T * tJ){x) = T{r^, o rj) = T{r^.+J) 
= (T*/)(-(-x + a)) 
= (T*/)(x-a)=r„(r*/)(x), 

for all x,a & E. This completes the proof that T* is a convolution operator. □ 

Proof of Theorem 12.71 The operator re(T) is a convolution operator for each T G 
[HebiE)]' by Proposition 14.71 Suppose that there is A G C such that f e(T)(/) = A ■ / for 
all / G -HebiE). Then 

A ■ fix) = re(T)(/)(x) = (T* = T(r_./) 

for every x & E. In particular, 

A ■ W) = A ■ /(O) = T(ro/) = T(/) 

for every / G "Hefo Hence T = A ■ (5o- This contradiction shows that Tq{T) is not a 
scalar multiple of the identity, hence hypercyclic by Theorem 12.61 □ 



5 Further results 

In this section we show that several related results that appear in the literature have 
analogues in the context of vr^-holomorphy types, j = 1,2. 
We start with an analogue of [2, Corollary 8]: 

Proposition 5.1. If E' is separable and {Vq{^ E))'^^q is a Tii-holomorphy type from E to 
C, then every nonzero convolution operator on T-LebiE) has dense range. 

Proof. Let L 7^ be a convolution operator. If L is a scalar multiple of the identity, 
then clearly L is surjective. Suppose now that L is not a scalar multiple of the identity. 
By Proposition 14. 3[ spanje"^ : (p ^ E'} is dense in T-LebiE). By Lemma 14.41 L{e^) = 
B{r@{L)){(j)) ■ e'^ for every </> G and this implies that each e'^ belongs to the range of 
L. Therefore, 

Heb{E) = spanie^i^GE'}"" = L(Hefe(^))) 

□ 

We can go farther with 7ri-7r2-holomorphy types. The following result is closely related 
to a result of Malgrange [20] on the existence of solutions of convolution equations. Its 
proof follows the sames steps of the proof of [TTl Theorem 4.4]: 

Theorem 5.2. Let {VqC^ E))'^^q be a 'Ki-Ti2-holomorphy type from E to Q such that 
Exp@,(£") is closed under division, that is: if f,g G ExpQ,(£") are such that g ^ 
and f / g is holomorphic, then f /g E ExpQ,(£"). Then every nonzero convolution operator 
on TiebiE) is surjective. 
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Example 5.3. (a) Let E' have the bounded approximation property and {Vn{"^E))'^^q 
be the holomorphy type of nuclear homogeneous polynomials on E. To see that this is 
a 7ri-7r2-holomorphy type, regard it as a particular case of the quasi-nuclear holomorphy 
types considered in Example 13.11( a) or see it directly in [T5| page 15 and Lemma 7.2]. 
By [151 Proposition 7.2], in this case the role of Expe/(£") is played by the space Exp{E') 
of all entire mappings of exponential-type on E' [151 Definition 7.5]. Also, Exp(£") is 
closed under division [T5| Proposition 8.1]. Hence, it follows from Theorem 15. 2l that every 
nonzero convolution operator on Tij^h^E) is surjective. 

(b) As we saw in Example 13.11( a). if E' has the bounded approximation property, then 
(■^iv (s (r(?))(™-^)) ^ 7ri-7r2-holomorphy type, and, according to the duality ([T]), in 

this case the role of Exp0/(ii^') is played by Exp(-^/^(-^/.^/-))(£"). Making A = B = in [T0| 
Theorem 3.8] one gets that Exp^^, ,^(^,.g,-)-)(i?') is closed under division (alternatively, see 
[221 Theorem 5.4.8]). Hence, it follows from Theorem 15.21 that every nonzero convolution 
operator on (^s-{r q))b(^) surjective. 

Now we establish a connection with the fashionable subject of lineability (for detailed 
information see, e.g., [12] and references therein). 

Definition 5.4. A subset A of an infinite-dimensional topological vector space E is said 
to be dense-lineable in E if AU {0} contains a dense subspace of E. 

Next result is closely related to (actually is a generalization of) [21 Corollary 12]: 

Proposition 5.5. Let E' he separable, ('Pe("'-^))^o ^ Tii-holomorphy type from E to 
C and L he a convolution operator on T-LsblE) that is not a scalar multiple of the identity. 
Then the set of hypercyclic functions for L is dense-lineahle in T-Lq^^E). 

Proof. The convolution operator L is hypercyclic by Theorem 12. 6^ so we can take a hy- 
percyclic function / for L. Define 



M= <^ Va,L^(/) :mGNo,Ao,Ai,...,A^e 




where L° denotes the identity on 'HQb{E). Clearly M is a vector subspace of TiebiE) and, 
since {L" (/) : n G Nq} is contained in M, M is a dense subset of 'HQb{E). Now we only 
have to prove that every nonzero element of M is hypercyclic for L, that is, for every 
g e M, gy^O, the set {g,L{g),..., L"" (g) , . . .} is dense in Hebi^E). li g e M, g ^ 0, then 

m. m 

g = Yl '^iL''{f), with Ao, Ai, . . . , Am e C. Note that Yl -^j-^* because g 0. Since 

i=0 i=0 
m m 

Y is a convolution operator, it follows from Proposition 15.11 that ^ AjL* has dense 

i=0 i=0 

m 

range. Using that {L" (/) : n G No} is dense in T-LebiE) and that J2 -^j-^* is continuos and 

1=0 

has dense range, we conclude that the set 

m 

J]A.L^({L"(/):nGNo}) 

i=0 
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is dense in HQb{E). So, 



L"(^?),...,} = {L" {g):neNo} 








m 



5^A.L^({L"(/):neNo}) 



i=0 



is dense in TiebiE), proving that g is hypercyclic for L. 



□ 



Combining Theorem 12.71 with Proposition 15.51 we get: 

Corollary 5.6. Let E' be separable, (Pe )m=o ^ 7Ti-7i2-holo'morphy type and T G 
[HQbiE)]' be a linear functional which is not a scalar multiple of 6o- Then the set of 
hypercyclic functions for Tq{T) is dense-lineable in TiebiE). 

A result similar to [6l Proposition 4.1] is the following: 

Proposition 5.7. Let (Pe('"-E'))m=o ni-holomorphy type from E to C. Then for 
every convolution operator L: T-LsbiE) — )• Ti^biE), the functional Te{L) is the unique 
functional in [HQb{E)]' such that L{f) = Tq^L) * f for every f G Heb{E). 

Proof. Let L : TiebiE) — )■ 'Hefe(-E') be a convolution operator. By the definition of Pe we 
have that Pe G [HobiE)]' and 



for all / G TiebiE) and x E E. Thus, L{f) = Tq{L) * f for every / G TiebiE). Let us 
prove the uniqueness: if S* G ['HQb{E)]' is such that L{f) = S * f, then 

L(e^)(x) = S * e^(x) = 5(r_^e'^) = ^(e^) ■ e^^^^ = BS{(f)) ■ e'^(^) 

for all G -E' and x G -E. Hence L{e'^) = BS{(j)) ■ e'^ for every G E'. It follows 
from Lemma lOTa) that S(P©(L))(0) = BS{(j)) for every (j) e E' . So S = Te{L) by the 
injectivity of the Borel transform (Proposition 14. 2p . □ 

We finish the paper exploring the multiphcative structure of ['Heb{E) , tq]' : 

Definition 5.8. Let ('Pe("^))™=o be a vrg-holomorphy type from E to C. For Ti,T2 G 
[HobiE)]' we define the convolution product of Ti and T2 in [HQb{E)]' by 



L(/)(x) = L(/)(0-(-x)) = [r„.L(/)](0) 
= L(r_,./)(0) = Pe(i:)(r_./) 
= Pe(i:)*/(x) 



Ti * T2 : 



re(Oio02) G [?^efe(i?)]', 



where O 



Ti* and O2 = T2*. 
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It is easy to see that \HQb{Ey\' is an algebra under this convolution product with unity 
5q. Furthermore, the convolution product satisfies the following property: 

(Ti * T2) * / = Ti * (T2 * /) , 

for all Ti,T2 G [UebiE)]' and / G Ueb{E). 

The same proof of [HI Theorem 3.3] provides the following analogue of [6], Corollary 
4.2]: 

Theorem 5.9. If {Vq{"^E))'^^q is a TXi-'K2-holomorphy type, then the Borel transform is 
an algebra isomorphism between \HQb{E),TQ\' and ExpQ,{E'). 
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